We derive the field equations and the equations of motion for scalar fields and massive test particles in modified theories of gravity with an arbitrary coupling between geometry and matter by using the Palatini formalism. We show that the independent connection can be expressed as the Levi-Civita connection of an auxiliary, matter Lagrangian dependent metric, which is related with the physical metric by means of a conformal transformation. Similarly to the metric case, the field equations impose the non-conservation of the energy-momentum tensor. We derive the explicit form of the equations of motion for massive test particles in the case of a perfect fluid, and the expression of the extra-force is obtained in terms of the matter-geometry coupling functions and of their derivatives. Generally, the motion is non-geodesic, and the extra force is orthogonal to the four-velocity. It is pointed out here that the force is of a different nature than in the metric formalism. We also consider the implications of a nonlinear dependence of the action upon the matter lagrangian.
I. INTRODUCTION
A promising way to explain the recent observational data [1, 2] of the accelerated expansion of the Universe and of dark matter is to assume that at large scales Einstein's general theory of relativity breaks down, and a more general action describes the gravitational field [3] . Theoretical models in which the standard EinsteinHilbert action is replaced by an arbitrary function of the Ricci scalar R, first proposed in [4] , have been extensively investigated lately. For a review of f (R) generalized gravity models and on their physical implications see [5] . The possibility that the galactic dynamic of massive test particles can be understood without the need for dark matter was also considered in the framework of f (R) gravity models [6] .
A generalization of the f (R) gravity theories was proposed in [7] by including in the theory an explicit coupling of an arbitrary function of the Ricci scalar R with the matter Lagrangian density L mat [8] . As a result of the coupling the motion of the massive particles is non-geodesic, and an extra force, orthogonal to the fourvelocity, arises. The connections with Modified Orbital Newtonian Dynamics (MOND) and the Pioneer anomaly were also explored, and it was suggested that the mattergeometry coupling may be responsible for the observed * Electronic address: harko@hkucc.hku.hk † Electronic address: t.s.koivisto@uu.nl ‡ Electronic address: flobo@cii.fc.ul.pt behavior of the galactic rotation curves. In fact, the nonminimal curvature-matter coupling has received much attention lately. For instance, the model was extended to the case of the arbitrary couplings in both geometry and matter in [9] . The implications of the nonminimal coupling on the stellar equilibrium were also investigated in [10] , where constraints on the coupling were obtained. An inequality which expresses a necessary and sufficient condition to avoid the Dolgov-Kawasaki instability for the model was derived in [11] . The relation between the model with geometry-matter coupling and ordinary scalar-tensor gravity, or scalar-tensor theories which include non-standard couplings between the scalar and matter was studied in [12] . In the specific case where both the action and the coupling are linear in R the action leads to a theory of gravity which includes higher order derivatives of the matter fields without introducing more dynamics in the gravity sector [13] . The equivalence between a scalar theory and the model with the non-minimal coupling of the scalar curvature and matter was considered in [14] . This equivalence allows for the calculation of the Parameterized Post-Newtonian (PPN) parameters β and γ, which may lead to a better understanding of the weak-field limit of f (R) theories.
The equations of motion of test bodies in the nonminimal coupling model by means of a multipole method were also derived in [15] . Furthermore, the energy conditions and the stability of the model under the DolgovKawasaki criterion were studied in [16] . The perturbation equation of matter on subhorizon scales in models with an arbitrary matter-geometry coupling was used to constrain the theory from growth factor and weak lensing observations [17] . In particular, the age of the oldest star clusters and the primordial nucleosynthesis bounds were used in order to constrain the parameters of a toy model. The possibility that the behavior of the rotational velocities of test particles gravitating around galaxies can be explained in the framework of modified gravity models with non-minimal matter-geometry coupling was considered in [18] . Analogous nonlinear gravitational couplings with a matter Lagrangian were also considered in the context of proposals to address the cosmic accelerated expansion [19] .
The subtle issue of a correct definition for the matter Lagrangian of the theory and of the definition of the energy-momentum tensor in the presence of a nonminimal curvature-matter coupling needs to be pointed out. In a recent paper [20] , the authors argued that a "natural choice" for the matter Lagrangian density for perfect fluids is L mat = p, based on Refs. [21, 22] , where p is the pressure. This choice has a particularly interesting application in the analysis of the curvature-matter coupling for perfect fluids, which imposes the vanishing of the extra force [7, 23] . Despite the fact that L mat = p does indeed reproduce the perfect fluid equation of state, it is not unique [24] . Another choice includes, for instance, L m = −ρ [22, 25, 26] , where ρ is the energy density (see Ref. [22, 24] for details). For a review of modified f (R) gravity with geometry-matter coupling see [27] .
In the literature different approaches in f (R) modified theories of gravity are used. These include the metric formalism, where the action is varied with respect to the metric; the Palatini formalism, where the metric and the connections are treated as separate variables, and the Lagrangian is varied with respect to both to derive the field equations; and the metric-affine formalism, which generalizes the Palatini variation, where the matter part of the action depends and is varied with respect to the connection. In this work, we use the Palatini formalism, that treats the metric and the affine connection as independent geometrical quantities. When the EinsteinHilbert action is used, the Palatini variational principle leads to the Einstein equations, as in the standard metric variation. This is not true, however, for a more general action. When used together with an f (R) Lagrangian, the Palatini formalism leads to second order differential equations instead of the fourth order ones that one gets with the metric variation. At the same time, in vacuum, they straightforwardly reduce to standard General Relativity (GR) plus a cosmological constant. This ensures us that, firstly, the theory passes the solar system tests, and secondly, that interesting aspects of GR like static black holes and gravitational waves are still present. Thus there is no real criterion so far about which one of them is better to use. Additionally, the Palatini variation seems to be more general since it yields GR without the need to specify the relation between the metric and the connection. The Palatini formalism for f (R) modified gravity models has been intensively investigated recently [28] .
As alternatives to dark energy, these models run into problems with structure formation [29] . While the modified gravity sector can support an accelerating universe without dark energy, the cosmological perturbations will then behave differently than in GR with a cosmological constant. In order to comply with the observations of the large-scale structure, one is then forced to to finetune the gravity lagrangian to be essentially GR with a cosmological constant. However, it has been shown that this can be avoided in the presence of generalized dark matter [30] . In particular, the evolution of cosmological perturbations can be viable if dark matter had effective pressures related to the modified gravity sector. Such effect ensues from a nonminimal coupling to curvature, motivating to study such a coupling particularly in the Palatini formalism. In fact, dark matter itself could emerge from a nonminimal coupling of baryons to curvature at supergalactic scales.
It is the purpose of the present paper to derive the gravitational field equations of the generalized f (R) type gravity models with non-minimal coupling between matter and geometry, which depends on two arbitrary functions of the Ricci scalar and of the matter Lagrangian, respectively. By taking two independent variations with respect to the metric and the connection separately of the gravitational action, we obtain the field equations and the connection associated to the Ricci tensor, which, due to the matter-geometry coupling, is also a function of the matter Lagrangian. The metric that defines our independent connection is conformally related to the spacetime metric, with the conformal factor a function of the matter Lagrangian and of the Ricci scalar. Once the conformal factor is known, the field equations can be obtained easily in both metrics. By taking the divergence of the field equations it follows that the energy-momentum tensor of the matter is not conserved, and, similarly to the metric case, due to the matter-geometry coupling an extra force arises.
The present paper is organized as follows. In Section II the field equations of the modified gravity model with arbitrary matter-geometry coupling are obtained by using the Palatini formalism. The equation of motion of test bodies is derived in Section III. We discuss and conclude our results in Section IV. In the present paper we use the natural system of units with 8πG = c = 1.
II. FIELD EQUATIONS IN PALATINI MODIFIED GRAVITY WITH AN ARBITRARY COUPLING BETWEEN MATTER AND GEOMETRY
By assuming an arbitrary coupling between matter and geometry, the action for the modified theory of gravity takes the form [7, 9] 
where f i (R) (with i = 1, 2) are arbitrary functions of the Ricci scalar R = g µνR µν , while G (L mat ) is an arbitrary function of the matter Lagrangian density L mat . The matter Lagrangian is a function of the metric tensor g and of the physical fields ψ, while the Ricci tensorR µν is expressed solely in terms of the connectionΓ. The only requirement for the functions f i (R), i = 1, 2, and G, is to be analytical functions of the Ricci scalar R and of the matter Lagrangian density L mat , respectively, that is, they must possess a Taylor series expansion about any point [9, 31] . The Ricci tensor is defined as [8, 32] 
with the connectionΓ λ µν obtained through the independent variation of the gravitational field action given by Eq. (1), and not directly constructed from the metric by using the Levi-Civita prescription. The energymomentum tensor of the matter is introduced as
thus giving
The Palatini formalism consists in taking separately two independent variations with respect to the metric and the connection, respectively. The action is formally the same, but the Riemann tensor and the Ricci tensor are constructed with the independent connection. By varying the action (1) with respect to the metric g we obtain
where the prime denotes a derivative with respect to the argument, i.e., f
we obtain the Palatini formalism field equations of the standard f (R) modified theory of gravity [5, 8] . In the case f 1 (R) = R, f 2 (R) = 1, and G (L mat ) = L mat , we obtain the field equations of standard general relativity.
The next step in the Palatini formalism requires the variation of the action with respect to the connection Γ. The variation can be done by using the identity
where∇ λ is the covariant derivative associated with the connectionΓ.
By taking the variation of the action (1) with respect to the connectionΓ we obtain
where we have denoted
By integrating by parts we obtain
The first term in δS/δΓ is a total derivative, and thus it can be discarded. Hence the variation of the action with respect to the connection gives
Equation (10) can be further simplified if we take into account that when α = λ the equation is identically zero. Taking λ = α, we obtaiñ
. (11) Equation (11) shows that the connection is compatible with a conformal metric. By defining, according to [5, 8] , a new metric h µν , conformal to g µν , given by
we obtain
where h is the determinant of the metric h µν . Thus Eq. (11) becomes the definition of the Levi-Civita connectionΓ of h µν , giving
With the use of the explicit form of h µν we obtaiñ
In terms of the Levi-Civita connection Γ λ µν associated to the metric g,
Γ λ µν can be expressed as
The Ricci tensorR µν is given in terms of the tensor R µν constructed from the metric by using the Levi-Civita connection Eq. (17) by [5] 
while the Ricci scalar and the Einstein tensor can be obtained as
and (21) respectively, with all the covariant derivatives taken with respect to the metric g µν . With the use of the expression of the Einstein tensor given by Eq. (21) the gravitational field equation Eq. (5) can be written as
where for notational simplicity, we introduced the notation
By substituting the expression of the Einstein tensor given by Eq. (21) into the field equation Eq. (22) we obtain the gravitational field equation of modified gravity with a nonminimal coupling between matter and geometry in the Palatini formalism as
Note that the field equation Eq. (5) can be written as
By taking the trace of Eq. (25) we obtain
where T = T µ µ is the trace of the energy-momentum tensor. With the use of Eq. (19) we find the equation determining R as a function of T and the matter Lagrangian L mat as
III. EQUATION OF MOTION AND THE EXTRA FORCE
A. Non-geodesic motion
By taking the covariant divergence of Eq. (25) we obtain
With the use of the identity [8] 
we can write
Using this in Eq. (28) we then obtain that
where for notational convenience we introduced the
, which vanishes when the action is linear in the matter lagrangian.
For a perfect fluid, described by an energy density ǫ and a thermodynamic pressure p, the matter energymomentum tensor is given by
where the four-velocity, u µ , satisfies the conditions u µ u µ = −1 and u µ u µ;ν = 0. The trace of the energymomentum tensor is given by T = 3p − ǫ. We also introduce the projection operator h µλ = g µλ + u µ u λ from which one obtains h µλ u µ = 0 and T µν h µλ = ph ν λ , respectively.
By contracting Eq. (28) with the projection operator h µλ , one deduces the following expression
Finally, contraction with g αλ gives rise to the equation of motion for a fluid element
where we have introduced the space-time connection Γ α µν , which is expressed in terms of the Christoffel symbols constructed from the metric g µν , and where the extraforce is defined as (dropping the explicit dependence of G upon L mat ):
As one can see from Eq. (35), the extra force f α is orthogonal to the four-velocity of the particle,
The extra force-four velocity orthogonality relation follows from the properties of the projection operator. This is consistent with the usual interpretation of the force, according to which only the component of the four-force that is orthogonal to the particle's four-velocity can influence its trajectory. The presence of the extra force f α implies that the motion of the particle is non-geodesic. For f α ≡ 0 we recover the geodesic equation of motion. The usual gravitational effects, due to the presence of an arbitrary mass distribution, are assumed to be contained in the term a µ N = Γ µ αβ u α u β . We can now separate three contributions to the force. The first term in (35) is the usual which is due to the gradient of pressure. The second term is due to the nonminimal curvature coupling to gravity and of course vanishes in general relativity. We note that the result reached in the metric formalism applies also here, that when L mat = p, the extra force in fact disappears. Interestingly, this is the case in the usual lagrangian description of scalar fields and can hold for more general perfect fluids as well, depending upon the chosen prescription.
Furthermore, the two following terms, consisting of the last line in (35), are due to the new self-interactions of matter and disappear when the action is linear in the matter lagrangian L mat . All of the three terms can be considered as contact forces. For a test particle, these vanish when in vacuum. This reflects the fact that the Palatini theory of gravity can be understood as a modified response to matter sources whereas it reduces to general relativity (with a cosmological constant) in vacuum. In other words, though the geodesics of particles are modified within a matter distribution, there are no new propagating degrees of freedom which would mediate interactions in vacuum and the extra force is absent there.
B. Scalar field
Let us as an example consider a general scalar field theory given by a lagrangian depending upon the field φ. The Euler-Lagrange equations of motion read then
The left hand side represents now the extra force. This is due to nonminimal curvature coupling if f 2 (R) is not a constant, and due to matter self interactions, if
is not a constant. Consider the purely latter case. As found above, now the extra-force entering the geodesic equation vanishes, but however there are additional terms in the Klein-Gordon equation for the field in curved space. Thus the additional terms do not affect the motion of a scalar particle. On the other hand, in the latter case, we obviously obtain new effects already in Minkowski space, and these can be regarded as nongravitational extra force.
As an explicit example, we let us consider an action given by an exponential of the Einstein-Hilbert lagrangian. This we fix the exponential dependence of the nonminimally coupled matter sector as
where Λ is a suitable energy scale. Let us keep the form of the scalar field lagrangian as in the canonical theory,
The Klein-Gordon equation then becomes
The corrections appear within the square brackets and are suppressed by the scale Λ. The propagator is modified in a nonlinear way. Note that only the last term in the second line drops when we consider flat instead of curved space.
IV. DISCUSSIONS AND FINAL REMARKS
In the present paper we have considered the gravitational field equations for a generalized f (R) type gravity model with a geometry-matter coupling in the framework of the Palatini formalism. Similarly to the metric case [7, 9] the energy-momentum tensor of the matter is not conserved. Palatini type f (R) theories have special properties that make them especially interesting for addressing strong gravity phenomena such as the early Universe or stellar collapse processes [28] . The coupling of the matter Lagrangian with the curvature term leads to an extra-force term in the equation of motion of massive particles in gravitational fields, which essentially depends on the allowed functional forms for the geometrymatter coupling. If, for example, the geometry-matter coupling could generate some repulsive forces, then one could construct non-singular cosmological models that are non-singular at high curvatures, or even non-singular collapsing stars. No new degrees of freedom in the gravitational side or in the matter side (exotic sources) are needed to get such repulsive gravitational forces, since the extra-force is induced by the coupling between matter and geometry. Our results suggest that Palatini type theories might play a relevant role in the phenomenology of gravitation at both high energies (densities), as well as in the very low density limit. On the other hand, the assumption of independence between metric and connection in the variational process is essential to get second order equations for the metric. It is thus reasonable to expect that effective descriptions of the gravitational force at large/small scales could come in the form of Palatini theories.
In three dimensions and in the Newtonian limit, Eq. (35) can be formally represented as a three-vector equation of the form a = a N + f where a is the total acceleration of the particle, a N is the gravitational acceleration and f is the acceleration (per unit mass) due to the presence of the extra force. Similarly to the metric case [7] , a Modified Newtonian Orbital Dynamics (MOND) [33] type acceleration is induced by the presence of the geometry-matter coupling. This shows that one possibility of testing the effects of the matter-geometry coupling could be in the region of very small accelerations of the order of 10 −10 m/s 2 . A supplementary MONDtype acceleration can explain the observed behavior of test particles gravitating around galaxies. As a possible physical application of the Palatini formalism gravitational field equations one could consider an alternative view to the dark matter problem, namely, the possibility that the galactic rotation curves, and the mass discrepancy in galaxies and clusters of galaxies, which is usually explained by postulating the existence of dark matter, can be explained in gravitational models in which there is a non-minimal coupling between matter and geometry [7, 9, 18] . Similarly to the metric case, the extra-terms in the gravitational field equations of the Palatini formalism modify the equations of motion of test particles, and induce a supplementary gravitational interaction, which can account for the observed behavior of the galactic rotation curves. Therefore, the analysis of the motion of the test particles at a galactic scale could open the possibility of directly testing the modified gravity models with non-minimal coupling between matter and geometry in the Palatini formalism by using direct astronomical and astrophysical observations at the galactic or extra-galactic scale. In this paper we have provided some basic theoretical tools necessary for the in depth comparison of the predictions of this model and of the observational results.
